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Abstract
We studied the the effect of heterogeneous environment in the re-

lationship between population abundance and range dynamics by ex-
ploring two models: I) a model where the Allee effect is constant and
independent of environmental conditions (niche conditions) and 2) a
model where the Allee intensity depends on niche conditions. Results
show that the long term species distribution patterns are independent
from the way that the Allee effect its included in the logistic growth
model. However we observed that population abundance patterns in
the short term dynamics are very sensitive to the considered model.
This fact can have important consequences in the prediction of how the
invasion process occurs in nature, for example in the estimation of the
arriving time of an invasive species to a certain location.

Introduction
Invasive species are one of the most important problems world-
wide because of their impact on biodiversity, in ecosystem dy-
namics and in the services they provide. Hence it is important to
study them both theoretically and empirically. Regarding to the
theoretical aspect certain models have been proposed that con-
sider factors related to the biology of the species per se, this is
the case of Allee effects, which depending on its intensity can
prevent or not the colonization process [3, 2]. A matter of inter-
est is also studying under which environmental conditions an in-
vasion will be successful. In this work we show a way to include
the effect of heterogeneous environment on invasion dynamics
under the context ecological niche theory sensu Grinnell [1, 5].
Also we compare the range dynamics of this kind of model with
one where the Allee intensity is independent of environmental
conditions.

Objective

To study the effect of heterogeneous environment in the
range dynamics and population abundance of a species
that invades a geographical area.

General Framework
Let assume that the fundamental niche of species j is measured
in terms of habitat suitability Sj and it in turn depends on envi-
ronmental conditions E in the following form (see [4]):
1. Let E a vector of environmental variables such that:

E = {(e1, e2, · · · , en) |emin1 ≤ e1 ≤ emax1 ; emin2

≤ e2 ≤ emax2 ; ...; enmin ≤ en ≤ enmax} (1)

2. The suitability function Sj of species j with j = 1, ·,m, is
a function of vector E and it is defined in the closed interval
[0, 1]:

Sj : E → [0, 1] (2)

3. Finally the intrinsic growth rate rj of species j is a function
that depends on Sj

[0, 1]
rj−→ R+ (3)

The models
We consider two types of invasion models: 1) one where the
Allee effect is constant throughout a geographical area and 2)
one where Allee intensity depends on the environmental condi-
tions (niche conditions).

Model 1: constant Allee model

ẋi = rixi

(
1− xi

Ki

)
(xi −M) +

∑
h

δh ixh −
∑
h

δ′i hxi, (4)

Model 2: Environmental dependent Allee

ẋi = rixi

(
1− xi

Ki

)
(xi −Mi) +

∑
h

δh ixh −
∑
h

δ′i hxi, (5)

where ẋi is the rate of change of a population, growing in the
cell i at time t. ri is the intrinsic growth rate of a population
in the cell i. We considered ri to be a lineal function of r, the

intrinsic growth rate at optimal conditions and the suitability si
(ri = r (si)). Ki = K ri is the carrying capacity of cell i. δh i is
the immigration rate of individuals coming from others cells to
the i cell. Finally δ′i h is the emigration. M is the Allee effect;
for model 5, Mi =

M
ri

.
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Figure 1: The fundamental niche and suitability map for the virtual species.
Left panel: the blue ellipsoid represents the fundamental niche of the virtual
species, with red points outside the niche, and yellow, orange, green and blue,
cells inside the niche. Right panel: the corresponding cells in geographic
space, with greener colors showing higher suitability. A and B denote the
same set of cells in both niche and geographic spaces.

Model Parametrization

Dispersal kernel

δi h(wi h) =

{
a exp

[
−wbih

]
w ≤ Dmax (6a)

0 w > Dmax (6b)

r = 0.15; M = 8; K = 10001; a = 0.002; b = 7; Dmax = 2

Results
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(A) Short term dynamics at t = 0

(B) Short term dynamics at t = 5

(C) Short term dynamics at t = 9

(D) Long term dynamics at t = 101

Figure 2: Geographic abundance distribution at different times (short term
t = 0, t = 5, t = 9 and long term dynamics t = 101) for model 4 (left panel)
and 5 (right panel).

Abundance distribution for the constant Allee effect model

Figure 3: Abundance distribution for the constant Allee effect model, in
terms of the distances from the initial invasion source and the habitat suit-
ability (Si), for different time periods (short term t = 5 − red points; t =
9 − green points and long term dynamics t = 101 − blue points). Each oval
bounds a region with similar suitability conditions: high suitability condi-
tions are found in the green oval and also in the black one. For short term,
there is no apparent pattern.

Conclusions
1. Abundance and geographic distribution patterns are very sen-

sitive to the heterogeneous environmental conditions for short
term dynamics.

2. For long term dynamics it appears that the abundance and dis-
tribution patterns does not change between both models.

3. For the constant Allee model we found a negative relationship
between distance from initial invasion source and abundance
which in turn is modulated by habitat suitability.

References
[1] Joseph Grinnell. The Niche-Relationships of the California

Thrasher. The Auk, 34:427–433, 1917.
[2] Andrew R. Kanarek, Colleen T. Webb, Michael Barfield, and

Robert D. Holt. Allee effects, aggregation, and invasion suc-
cess. Theoretical Ecology, 6(2):153–164, 2013.

[3] T H Keitt, M a Lewis, and R D Holt. Allee effects, inva-
sion pinning, and species’ borders. The American naturalist,
157(2):203–216, 2001.

[4] L. Osorio-Olvera, M. Falconi, and J. Sobern. Sobre la
relación entre idoneidad del hábitat y la abundancia pobla-
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